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Let’s Rewind

• Back in 2020, OpenAI released 
GPT-3, their largest model and 
most powerful so far.


• The model was a decoder-only 
transformer trained only to predict 
the next token (no "post-training").
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Chain of Thought (CoT)
• In an influential paper, Kojima et al. 

(2022) proposed changing the way we 
prompt models.


• Hypothesis: Asking the model to 
reason improves performance.

Q: A juggler can juggle 16 balls. Half 
of the balls are golf balls, and half of 

the golf balls are blue. How many blue 
golf balls are there? A: The answer 

(arabic numerals) is

Q: A juggler can juggle 16 balls. Half 
of the balls are golf balls, and half of 

the golf balls are blue. How many blue 
golf balls are there? A: Let’s think 

step by step.
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https://arxiv.org/abs/2205.11916
https://arxiv.org/abs/2205.11916


Formalizing the Setup
• Let  be the full dataset of evaluation attempts

• Let  index problems and  index runs. A single evaluation 

attempt is a pair .

• For each evaluation attempt , we choose a prompt:


- : standard (non-CoT) prompt;


- : CoT prompt;


• Let  indicate whether the model solves problem 
 correctly when run  under the chosen strategy .

𝒟
i r

(i, r)
(i, r)

Tir = 0
Tir = 1
Yir ∈ {0,1}

i r Tir
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The Fundamental Problem
• Causal inference cares about counterfactuals: what would 

have happened had something been different.

- E.g., would we solve problem  at run  had we used CoT instead of 

the standard prompt (or vice versa)?


• We can formalize this with potential outcomes at the 
(problem, run) level:

- : correctness for  if we use the standard prompt


- : correctness for  if we use the CoT prompt

i r

Y0
ir (i, r)

Y1
ir (i, r)
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The Fundamental Problem (cont’d)
For each evaluation attempt , we cannot observe both 
potential outcomes.

(i, r)
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Yir = {Y0
ir if Tir = 0,

Y1
ir if Tir = 1

We never get to see “what would have happened” for 
that same problem and same run under the alternative prompt!



The Fundamental Problem (cont’d)
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• Things are typically more dire.

- Imagine that units are individuals, the treatment is a vaccine, and 

the outcome is death.

- Then, we can only observe each individual  under one treatment.


• In our setup, however, it is reasonable to observe the same 
problem across two different treatments (e.g., prompts).


• However, note that each run is stochastic.

i



Individual Causal Effect
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• The individual causal effect of CoT considering problem  
and run  is:





• This is impossible to recover, per FPCI!


• Yet, we can estimate the problem-level causal effect


i
r

τir = Y1
ir − Y0

ir ∈ {−1,0,1}

τi = Er[Y1
ir ∣ i] − Er[Y0

ir ∣ i] .



Average Treatment Effect
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• Consider a population of evaluation attempts . The 
ATE of CoT prompting is





• We can estimate the ATE under particular assumptions.


• Other quantities of potential interest: 

- 


-

(i, r)

ATE = E[Y1
ir − Y0

ir]

ATT = E[Y1
ir − Y0

ir |Tir = 1]
ATC = E[Y1

ir − Y0
ir |Tir = 0]



Exchangeability and Consistency

10

• Let  and  be binary random variables specifying 
treatments and outcomes.


• Exchangeability entails that:




• Consistency entails that:


Y T

Ya ⊥ T for all a ∈ {0,1}

If Tir = a then Yir = Ya
ir



No interference
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“The outcome of a unit is unaffected by anyone else's 
treatment.”

In our CoT experiment: the correctness of problem  on run  
under a given prompting strategy does not depend on which 
prompt we used for other problems or runs.

i r

Can you think of any violations?



Average Treatment Effect (cont’d)
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ATE = E[Y1
ir − Y0

ir]
= E[Y1

ir] − E[Y0
ir] (1) Linearity of Expectations

= E[Y1
ir ∣ Tir = 1] − E[Y0

ir ∣ Tir = 0] (2) Exchangeability

= E[Yir ∣ Tir = 1] − E[Yir ∣ Tir = 0] (3) Consistency

We can estimate the quantity in the bottom from the data!



The Beauty of Experiments
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• Suppose we wanted to assess the impact of adding “let’s 
think step by step” from observational data!


• People may be more likely to use CoT for harder problems.


• This means no exchangeability:


(Y0
ir, Y1

ir) /⊥ Tir .



The Beauty of Experiments (Cont’d)
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• Experiments guarantee exchangeability by design.

- E.g., assign units to treatment/control with a coin flip. 

• In our benchmark example, we assign each problem to 
treatment and control for the same number of runs. This 
also guarantees exchangeability.


• Why? Because the index  is just an arbitrary label that has 
no relationship to the potential outcomes.

r



Benchmarks and Experiments
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• ML papers evaluate results using benchmarks.


• MATH-500 is a subset of the MATH dataset [Lightman et al. 
(2023)] commonly used to measure the reasoning 
capabilities of LMs.


Convert the point  in rectangular coordinates to polar coordinates. 
Enter your answer in the form , where  and  

• Kojima et al. (2022) are doing an experiment!

(0,3)
(r, θ) r > 0 0 ≤ θ < 2π

https://arxiv.org/abs/2205.11916


Envisioning the Experiment

16

• Each evaluation attempt is a pair  comprising a 
problem index  and a run index .


• For each  we record:

- 

- 


• Let us assume we do  runs per problem per condition.

(i, r)
i r

(i, r)
Tir ∈ {0,1}
Yir ∈ {0,1}

30



Data Example
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Problem Run Prompt Correct?
1 1 0 (Standard) 0
1 2 1 (CoT) 1
... ... ... ...
1 30 1 (CoT) 1
... ... ... ...
2 1 0 (Standard) 1
... ... ... ...



Estimating the ATE
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• Recall that under our various assumptions, we have that:




• The sample estimator of the  is:





•  converges to the true  as the sample size grows.


ATE = E[Yir ∣ Tir = 1] − E[Yir ∣ Tir = 0]

ATE

̂τ =
1

|𝒟1 | ∑
(i,r):Tir=1

Yir −
1

|𝒟0 | ∑
(i,r):Tir=0

Yir

̂τ ATE



Brief Recap: Estimand|ator|ate
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• Estimand: what you wish you could know!





• Estimator: a function of the data that targets the estimand





• Estimate: the value you computed from the data.


ATE = E[Yir ∣ Tir = 1] − E[Yir ∣ Tir = 0]

̂τ =
1

|𝒟1 | ∑
(i,r):Tir=1

Yir −
1

|𝒟0 | ∑
(i,r):Tir=0

Yir

0.3



τ
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Consistency: E[ ̂τ] = τ• Because the estimator is 
random, you can think 
about it as a distribution. 


• We favor estimators whose 
distributions have some 
specific properties.

Estimator properties
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Consistency:  converges to 
the estimand as !n → ∞

τ

Estimator properties (cont’d)

τ

Efficiency: The estimator has 
the smallest possible variance.

Usually under a bunch of assumptions



Commercial Break
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Quantifying Uncertainty
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• In finite samples,  will fluctuate by chance.

- Suppose no difference between CoT/normal prompting.

- We evaluate 5 problems, 1 run per condition.

- Equivalent to: tossing two fair points 5x, comparing # of heads.


• So how can we tell whether we are not observing a positive 
or a negative   just by chance?


• We need ways to quantify uncertainty!

̂τ

̂τ



Standard Error
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• Let's assume that each evaluation attempt is iid.

• Considering , we can define:





a ∈ {0,1}

s2
a =

1
n1 − 1 ∑

(i,r):Tir=a
(Yir − Ȳa)2

SE( ̂τ) =
s2
1

|𝒟1 |
+

s2
0

|𝒟0 |
.



Hypothesis Testing
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• Let’s formalize what we mean by “just by chance.” 


• Null hypothesis (no effect of CoT): 




• Alternative hypothesis (some effect): 




• Idea: Compute a statistic. Ask how surprising given ?

H0 : ATE = 0

H1 : ATE ≠ 0

H0



Hypothesis Testing (cont’d)
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• Under certain conditions, and under , i.e., .





•  -value: the probability, under the null, of observing a test 
statistic as extreme or more extreme than observed:


H0 τ = 0

Z =
̂τ − τ

SE( ̂τ)
=

̂τ − 0
SE( ̂τ)

∼ 𝒩(0,1)

p

p = P( |Z | ≥ |zobs | ∣ H0) .



Φ( ⋅ )

27

• We have a formula for that!





• You can use a table…


• Or a few lines of code…

Φ(x) = Pr(Z ≤ x) =
1

2π ∫
x

−∞
e−t2/2 dt



Confidence Intervals
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• Under certain conditions, our estimator  is approx normal:





• Thus, it follows that:


̂τ

̂τ ≈ 𝒩(τ, Var( ̂τ))

Z =
̂τ − τ

SE( ̂τ)
∼ 𝒩(0,1)



Confidence Intervals (cont’d)
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• We can define a value  such that:





• Now we isolate :





• For the sig. level , we have .

z1−α/2

P( ̂τ − τ
SE( ̂τ)

≤ z1−α/2) ≈ 1 − α

τ

P( ̂τ − z1−α/2 × SE( ̂τ) ≤ τ ≤ ̂τ + z1−α/2 × SE( ̂τ)) = 1 − α .

α = 0.05 z0.975 = 1.96



How to Look Smart with CIs
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• To quickly approximate a 95% CI for an estimate 

1. Compute the estimate  (your “center”).

2. Compute the standard error  (your “uncertainty”).

3. Report: .


• If 95% CI includes 0   would have . 

̂τ
̂τ

SE( ̂τ)
̂τ ± 1.96 SE( ̂τ)

→ H0 : τ = 0 p ≥ 0.05



How to Look Smart with CIs (cont’d)
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• If two CIs don't overlap, the difference between the two 
estimates is statistically significant.


• If two CIs overlap, the diff. between the two estimates is 
statistically significant if the overlap is  50%.<
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You have been lied to!



Common Misunderstandings
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• I can’t use  tests if the data is not normal.


• For large , the sample mean is  normal per CLT.

Z

n ∼

Distribution Sample mean



Common Misunderstandings (cont’d)
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• If  the effect is stronger than if 


• Standard errors shrink like , with large enough  you 
can make very tiny non-zero effects statistically significant.

p = 0.03 p = 0.02

1/ n n

τ = 0.1

τ = 1

log(n)

P(reject H0)



Common Misunderstandings (cont’d)
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• A p-value is the probability that the null is true.


• If  there’s no effect.


• If  the effect is “important.”


• A 95% CI = 95% chance the true parameter is inside.


• Standard error vs. standard deviation

p > 0.05

p ≤ 0.05



A problem with our setup
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• Let's assume that each evaluation attempt is iid. 
• Considering , we can define:





a ∈ {0,1}

s2
a =

1
n1 − 1 ∑

(i,r):Tir=a
(Yir − Ȳa)2

SE( ̂τ) =
s2
1

|𝒟1 |
+

s2
0

|𝒟0 |
.



A problem with our setup (Cont’d)
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• In our running example:

- Multiple runs of the same problem are not iid.


• One easy solution: take the average per problem before 
doing the confidence estimate.


• Problem: this does not account for variance within each 
problem (“cluster”).


• We will see how to handle this in regression later.
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Honorable Mention



• Let:

-  be some data.


-  some statistic.


• For 

- Sample  units with replacement.

- Estimate .


- “Store”  into a sorted array.


• Get the quantiles of the obtained 
distribution 

X1, …, Xn
̂θn = t(X1, …, Xn)

j = 1,…, B
n

̂θ*( j)
n

̂θ*( j)
n

Bootstrapping Confidence Intervals
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X1, …, Xn

0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%

X*( j)
1 , …, X*( j)

n



Bootstrap is magic
• Allows you to get confidence intervals for any statistic.


- Medians, quantiles, ratios, weird nonlinear stats.


• Captures skew and asymmetry.


• Minimal assumptions.


• You can resample the right unit (e.g., clusters, subjects, 
blocks), so dependence is handled naturally.


