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Figure 1: The Transformer - model architecture.



Chain of Thought (CoT)

* |n an influential paper, Kojima et al.
(2022) proposed changing the way we
prompt models.

Machel Reid Yutaka Matsuo Yusuke Iwasawa
Google Research” The University of Tokyo The University of Tokyo
Abstract

Pretrained large language models (LLMs) are widely used in many sub-fields of
natural language processing (NLP) and generally known as excellent few-shot
learners with task-specific exemplars. Notably, chain of thought (CoT) prompting,
a recent technique for eliciting complex multi-step reasoning through step-by-
step answer examples, achieved the state-of-the-art performances in arithmetics
and symbolic reasoning, difficult system-2 tasks that do not follow the standard
scaling laws for LLMs. While these successes are often attributed to LLMs’
ability for few-shot learning, we show that LLMs are decent zero-shot reasoners
by simply adding “Let’s think step by step” before each answer. Experimental
results demonstrate that our Zero-shot-CoT, using the same single prompt template,
significantly outperforms zero-shot LLM performances on diverse benchmark
reasoning tasks including arithmetics (MultiArith, GSM8K, AQUA-RAT, SVAMP),
symbolic reasoning (Last Letter, Coin Flip), and other logical reasoning tasks (Date
Understanding, Tracking Shuffled Objects), without any hand-crafted few-shot
examples, e.g. increasing the accuracy on MultiArith from 17.7% to 78.7% and
GSMSK from 10.4% to 40.7% with large-scale InstructGPT model (text-davinci-
002), as well as similar magnitudes of improvements with another off-the-shelf

 Hypothesis: Asking the model to
reason Improves performance.
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lf_\‘ large model, 540B parameter PalLM. The versatility of this single prompt across

= very diverse reasoning tasks hints at untapped and understudied fundamental
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e :cm-.\'.h(.)l_ capabilities of LLMs, suggesting lugh-.]e\'cl. multi-task broad cognitive
.o capabilities may be extracted by simple prompting. We hope our work not only
> serves as the minimal strongest zero-shot baseline for the challenging reasoning

SE benchmarks, but also highlights the importance of carefully exploring and analyzing
o the enormous zero-shot knowledge hidden inside LLMs before crafting finetuning
3 datasets or few-shot exemplars.
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2020, Thoppilan et al.. 2022, Rae et al., 2021, Chowdhery et al.. 2022]. The success of large language

models (LLMs) is often attributed to (in-context) few-shot or zero-shot learning. It can solve various
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2021b], and designing prompts either manually [Schick and Schiitze, 2021. Reyvnolds and McDonell.
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Formalizing the Setup

e Let & be the full dataset of evaluation attempts
 Let 1 index problems and r index runs. A single evaluation
attempt is a pair (i, r).
» For each evaluation attempt (i, ), we choose a prompt:
- T.. = 0: standard (non-CoT) prompt;
- T.. = 1: CoT prompt;

e Let Y. € {0,1} indicate whether the model solves problem
1 correctly when run r under the chosen strategy /..
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The Funhdamental Problem

e Causal inference cares about counterfactuals: what would
have happened had something been different.

- E.g., would we solve problem 1 at run r had we used CoT instead of
the standard prompt (or vice versa)?

* \We can formalize this with potential outcomes at the
(problem, run) level:

- Y V. correctness for (1, r) if we use the standard prompt

o £ 1 correctness for (i, r) if we use the CoT prompt



The Fundamental Problem (cont’d)

For each evaluation attempt (i, r), we cannot observe both
potential outcomes.

YO ifT, =0,
Y, = .
vl T, =1

We never get to see “what would have happened” for
that same problem and same run under the alternative prompt!
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The Fundamental Problem (cont’d)

* Things are typically more dire.

- Imagine that units are individuals, the treatment is a vaccine, and
the outcome Is death.

- Then, we can only observe each individual 1 under one treatment.

* |n our setup, however, it Is reasonable to observe the same
problem across two different treatments (e.g., prompts).

e However, note that each run Is stochastic.



Individual Causal Effect

* The individual causal effect of CoT considering problem 1
and run r IS:

. =Y. -Y)€e {101}

78
* This is impossible to recover, per FPCI!
* Yet, we can estimate the problem-level causal effect

b= Er[Yz}f | l] _EF[YZQ” l] '
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Average Ireatment Effect

« Consider a population of evaluation attempts (i, ). The
ATE of CoT prompting is

_ 1 0
ATE = E[Y. - )
 We can estimate the ATE under particular assumptions.

* Other quantities of potential interest:
AT = E[Y, = Y0IT, = |
- ATC=E[Y; = Y}| T, = 0]
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Exchangeability and Consistency

» Let ¥ and 1 be binary random variables specifying
treatments and outcomes.

 Exchangeability entails that:
YY1 Tforalla € {0,1}

* Consistency entails that:
f71,.=athenY, =Y,
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No Interference

“The outcome of a unit is unaffected by anyone else's
treatment.”

In our CoT experiment: the correctness of problem 7 on run r
under a given prompting strategy does not depend on which
prompt we used for other problems or runs.

Can you think of any violations?
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Average Treatment Effect (cont’d)

ATE = E[Y} ~ !
=F [Yl}/ — FE [Yz(;)»] (1) Linearity of Expectations
= E[Y;, | T, = 1] — E[Yl.(]), | 7., = 0] (2) Exchangeability
=E[Y. |T,. =1]—-E[Y. | T, =0] (3) Consistency

We can estimate the quantity in the bottom from the data!
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The Beauty of Experiments

* Suppose we wanted to assess the impact of adding “let’s
think step by step” from observational data!

 People may be more likely to use CoT for harder problems.

* This means no exchangeability:

(Y0

17

YDLT,.
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The Beauty of Experiments (Cont’d)

* EXperiments guarantee exchangeability by design.
- E.qg., assign units to treatment/control with a coin flip.

* |n our benchmark example, we assign each problem to
treatment and control for the same number of runs. This
also guarantees exchangeabillity.

 Why? Because the index r is just an arbitrary label that has
no relationship to the potential outcomes.
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Benchmarks and Experiments

ML papers evaluate results using benchmarks.

* MATH-500 is a subset of the MATH dataset [Lightman et al.
(2023)] commonly used to measure the reasoning
capabilities of LMs.

Convert the point (0,3) in rectangular coordinates to polar coordinates.
Enter your answer in the form (7,0), where r>0 and 0<60<2x

 Kojima et al. (2022) are doing an experiment!
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Envisioning the Experiment

Each evaluation attempt is a pair (1, r) comprising a
problem index 1 and a run index r.

For each (i, r) we record:
B inr & {091}
- Yir = {091}

Let us assume we do 30 runs per problem per condition.
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Data Example

Problem Run Prompt Correct?
1 1 0 (Standard) 0
1 2 1 (CoT) 1
1 30 1 (CoT) 1

0 (Standard)
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Estimating the ATE

* Recall that under our various assumptions, we have that:
ATE = E[Y,, | T, = 11 - E[Y,, | T;, = O]

* The sample estimator of the ATE is

Y—W ) Y

(””)T—l (i,r): T, =0

» 7 converges to the true ATE as the sample size grows.
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Brief Recap: Estimand|atorjate

 Estimand: what you wish you could know!
ATE = E[er | Tir = 1] _E[Yir | Tir = (]

« Estimator: a function of the data that targets the estimand

Y—W ) Y

(i,r): T, =0

(lr)T =1

 Estimate: the value you computed from the data.

0.3
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Estimator properties

e Because the estimator is
random, you can think
apout It as a distribution. .

Consistency: E|7]| =71

e \We favor estimators whose
distributions have some
specific properties.
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Estimator properties (cont’d)

Usually under a bunch of assumptions

Consistency: converges to Efficiency: The estimator has
the estimand as n — oo! the smallest possible variance.

T T
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Commercial Break
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Quantifying Uncertainty

» In finite samples, 7 will fluctuate by chance.

- Suppose no difference between CoT/normal prompting.
- We evaluate 5 problems, 1 run per condition.
- Equivalent to: tossing two fair points 5x, comparing # of heads.

SO0 how can we tell whether we are not observing a positive
or a negative 7 just by chance?

* \We need ways to quantify uncertainty!

23



Standard Error

e | et's assume that each evaluation attempt is iid.
» Considering a € {0,1}, we can define:

(i,r): 1. =a
2 2
\) \)
SE(%) = : °

24



Hypothesis lTesting

Let’s formalize what we mean by “just by chance.”

Null hypothesis (no effect of CoT):
H,: ATE =0

Alternative hypothesis (some effect):
H, :ATE # 0

ldea: Compute a statistic. Ask how surprising given £1,?

25



Hypothesis Testing (cont’d)

» Under certain conditions, and under H,, i.e., 7 = 0.

T—1 7—0

" SE()  SE®)

7 ~ N (0,1)

e p-value: the probability, under the null, of observing a test
statistic as extreme or more extreme than observed:

p=PUZ] 2 |21 | Hp)
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e \We have a formula for that!

O(x) =Pr(Z <x) =
2T

e YOoUu canh use a table...

e Or afew lines of code...

X

— OO0

2
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z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.5000  0.5040  0.5080  0.5120  0.5160  0.5199  0.5239  0.5279  0.5319  0.5359
0.1 0.5398  0.5438  0.5478  0.5517  0.5557  0.5596  0.5636  0.5675  0.5714  0.5753
0.2 0.5793  0.5832  0.5871  0.5910  0.5948 0.5987 0.6026  0.6064 0.6103  0.6141
0.3 0.6179  0.6217  0.6255  0.6293  0.6331 0.6368  0.6406  0.6443  0.6480  0.6517
0.4 0.65564  0.6591  0.6628  0.6664  0.6700 0.6736  0.6772  0.6808  0.6844  0.6879
0.5 0.6915  0.6950  0.6985 0.7019  0.7054  0.7088  0.7123  0.7157  0.7190  0.7224
0.6 0.7257  0.7291  0.7324  0.7357 0.7389  0.7422  0.7454  0.7486  0.7517  0.7549
0.7 0.7580  0.7611  0.7642  0.7673  0.7704  0.7734  0.7764  0.7794  0.7823  0.7852
0.8 0.7881  0.7910  0.7939  0.7967 0.7995 0.8023  0.8051  0.8078  0.8106  0.8133
0.9 0.8159  0.8186  0.8212  0.8238 0.8264 0.8289  0.8315 0.8340  0.8365  0.8389
1.0 0.8413 0.8438 0.8461  0.8485 0.8508 0.8531  0.8554  0.8577  0.8599  0.8621
Ll 0.8643  0.8665  0.8686  0.8708  0.8729  0.8749  0.8770  0.8790  0.8810  0.8830
1.2 0.8849  0.8869  0.8888  0.8907 0.8925 0.8944  0.8962  0.8980  0.8997  0.9015
13 0.9032 09049 09066  0.9082 09099 09115 09131 09147 09162  0.9177
14 09192  0.9207 0.9222 09236 09251 09265 09279  0.9292 0.9306  0.9319
15 0.9332 0.9345 0.9357 09370 0.9382 09394 0.9406 09418 0.9429  0.9441
1.6 0.9452 09463 09474 09484 09495 0.9505 0.9515 0.9525  0.9535  0.9545
i 0.9554  0.9564  0.9573  0.9582 09591  0.9599 0.9608 09616  0.9625  0.9633
1.8 0.9641 09649 09656 09664 09671 09678 09686 0.9693  0.9699  0.9706
1.9 0:9713 09719 09726 09732 09738 09744 09750 09756 09761  0.9767
2.0 09772 09778 09783 09788 09793 09798 0.9803 0.9808 0.9812  0.9817
2.1 0.9821  0.9826 09830 09834 09838 0.9842 09846  0.9850  0.9854  0.9857
2.2 0.9861 09864 09868 09871 09875 09878 09881 0.9884  0.9887  0.9890
2.9 0.9893 0.9896 09898  0.9901 09904 0.9906 09909 09911 09913  0.9916
24 0.9918  0.9920  0.9922  0.9925 09927 09929 09931 09932 09934  0.9936
2.5 0.9938  0.9940 09941 09943 09945 0.9946 09948 09949  0.9951  0.9952
2.6 0.9953  0.9955  0.9956  0.9957 09959 0.9960 09961  0.9962  0.9963  0.9964
24 0.9965 0.9966  0.9967 09968 09969 09970 09971 09972 09973  0.9974
2.8 09974 09975 09976  0.9977 09977 09978 09979 09979  0.9980  0.9981
2,9 0:9981 10,9982  0.9982 0.9983 09984 0.9984 09985 09985 09986  0.9986
3.0 0.9987  0.9987  0.9987  0.9988 09988 0.9989 09989  0.9989  0.9990  0.9990
3.1 0:9990  0.9991  0.9991 09991 09992 0.9992 0.9992 09992 09993 0.9993
3.2 0.9993  0.9993 09994 09994 09994 09994 09994 09995 0.9995  0.9995
3.3 0.9995  0.9995 0.9995 09996 09996 0.9996 09996 0.9996 0.9996  0.9997
3.4 0.9997  0.9997  0.9997 0.9997 09997 0.9997 0.9997 0.9997  0.9997  0.9998




Confidence Intervals

» Under certain conditions, our estimator 7 is approx normal:
¢~ N (7, Var(?))

 Thus, it follows that:

)
SE(?) 4O

/ =
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Confidence Intervals (cont’d)

» We can define a value z;_,/» such that:

d

e Now we Isolate 7:

T—71

SE(7)

S Zl_a/z) ~ | — 04

P(% — 2 XSE®) <1< T+ 7,_ X SE(%)) —1-qa.

» For the sig. level a = (.05, we have 75975 = 1.96.



How to Look Smart with Cls

 To quickly approximate a 95% CI for an estimate 7

1. Compute the estimate 7 (your “center”).

2. Compute the standard error SE(7) (your “uncertainty”).
3. Report: 7 = 1.96 SE(7).

» If 95% Cl includes 0 — H,, : T = 0 would have p > 0.05.
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How to Look Smart with Cls (cont’d)

e

 |f two Cls don't overlap, the difference between the two
estimates Is statistically significant.

* |f two Cls overlap, the diff. between the two estimates is
statistically significant if the overlap is < 50%.

31






Common Misunderstandings

e | can’t use Z tests if the data is not normal.

e For large n, the sample mean is ~ normal per CLIT.

Distribution Sample mean
M §/\/
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Common Misunderstandings (cont’d)

o If p = 0.03 the effect is stronger than if p = 0.02

e Standard errors shrink like I/W , with large enough »n you
can make very tiny non-zero effects statistically significant.

=1

P(reject H,) /T

log(n)
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Common Misunderstandings (cont’d)

* A p-value is the probability that the null is true.

e If p > 0.035 there’s no effect.

e If p < 0.05 the effect is “important.”

e A95% CIl = 95% chance the true parameter is inside.

e Standard error vs. standard deviation

35



A problem with our setup

* Let's assume that each evaluation attempt is iid.



A problem with our setup (Cont’d)

* |n our running example:
- Multiple runs of the same problem are not iid.

* One easy solution: take the average per problem before
doing the confidence estimate.

e Problem: this does not account for variance within each
problem (“cluster”).

* We will see how to handle this In regression later.

37



Honorable Mention



Bootstrapping Confidence Intervals

o [et:
- Xy, ..., X, be some data.

- 0, =1(X,,...,X ) some statistic.

X, ..., X

Y (J)’ "'9Xn(J)

L 1

>

e« Forj=1,...,B
- Sample n units with replacement.
- Estimate @Z(j).

- “Store” 9Z(j) into a sorted array.

* Get the quantiles of the obtained E———
distribution

0% 10% 20% 30% 40% ©50% 60% 70% 80% 90% 100%
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Bootstrap is magic

* Allows you to get confidence intervals for any statistic.
- Medians, quantiles, ratios, weird nonlinear stats.

o Captures skew and asymmetry.
 Minimal assumptions.

* You can resample the right unit (e.qg., clusters, subjects,
blocks), so dependence is handled naturally.



